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Abstract. In this article, we classify the solutions of the dispersionless Toda 
hierarchy into degenerate and non-degenerate cases. We show that every non- 
degenerate solution is determined by a function H(zi, 22) of two variables. We 
interpret these non-degenerate solutions as defining evolutions on the space X> 
of pairs of conformal mappings (g,f), where g is a univalent function on the 
exterior of the unit disc, / is a univalent function on the unit disc, normalized 
such that g(oo) = 00, /(0) = and /'(0)</(oo) = 1. For each solution, we show 
how to define the natural time variables t n ,n £ Z, as complex coordinates 
on the space X>. We also find explicit formulas for the tau function of the 
dispersionless Toda hierarchy in terms of l~L{z\ , zi). Imposing some conditions 
on the function H{z\, Z2), we show that the dispersionless Toda flows can be 
naturally restricted to the subspace S of 33 defined by f(w) = l/g(l/w). This 
recovers the result of Zabrodin 1281 . 



1. Introduction 

This paper is a continuation of our previous work [53], where we considered 
evolutions of conformal mappings described by an infinite hierarchy of dispersionless 
Toda flows [T9l [20] which satisfies the string equation. In this paper, we are going 
to consider the general evolutions of conformal mappings that can be described by 
dispersionless Toda hierarchies and derive the corresponding string equations. 

Dispersionless Toda hierarchy was introduced in [HO HO] as dispersionless limit 
of the Toda lattice hierarchy [55]. It describes the evolutions of two formal power 
series 

oo oo 

(1.1) £{w)=r(t)w + J2 u n+i(t)w- n , Ciw)- 1 ^r^w- 1 +Y / u n +i(t)™ n , 

n=0 n=0 

with respect to an infinite set of time variables t n , n G Z, denoted collectively by t, 
by the following Lax equations: 



Here B n is defined by 



B n (w) =(£M n ) >0 + -(£H") , n>l, BoM=logw, 



B n (w) = (C(w) n ) <q + \ (£H") o , n < -1, 



Key words and phrases. Conformal mappings, dispersionless Toda hierarchy, tau function, 
Dirichlet Green's function, string equation. 
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and the Poisson bracket is denned by 

, FMP , |U 3*1 M dF 2 (w) dF 2 {w) mjw) 

As mentioned in our previous paper [23] , the integrable structures of conformal 
mappings have attracted considerable interest since the work of Wiegmann and 
Zabrodin [26j . Given a simple analytic curve C that separates and oo on the ex- 
tended complex plane C, let f2 + be the interior domain that contains the origin and 
Q,~ the exterior domain. Denote by g(w) the unique conformal map mapping the 
exterior of the unit disc D* to the exterior domain which satisfies the normalization 
conditions g(oo) = oo and g'(oo) > 0. Wiegmann and Zabrodin [26] defined the 
time variables t n ,n > 1, in terms of the harmonic moments of the exterior domain 
fi~: 

tn = / / Z- n d 2 Z = -A- I Z~ n zdz, 



7Tn J Jn- 2mn j c 

and defined to in terms of the area of the interior domain: 

to = - // d 2 z = -J— <k zdz. 



They showed that by taking t_ n = — t n for n > 1, the evolutions of (C(w) = 
g(w),C(w) — \/g{l/w)) with respect to t n ,n 6 Z, satisfy the dispersionless Toda 
hierarchy. This solution of the dispersionless Toda hierarchy satisfies the string 
equation 



(1-3) {C(w),£(w)-^ 



= 1. 



A tau function r(t) was also constructed and shown to generate the harmonic 
moments of the interior domain Q + . More precisely, it was proved that for n > 1, 

^11 = 1// z^z^^-Iz-zdz. 
dtn nJJ n+ 2m J c 

This work of Wiegmann and Zabrodin has later been reinterpreted and elaborated 
from different perspectives such as tau function and inverse potential problem [12] , 
interface dynamics, Laplacian growth or Hele-Shaw flow problem [16l [TT1 [TUl HI 
[3J El [331 132], Dirichlet boundary value problem [T5], [7], quantum field theory of 
free bosons [21] , large A^-limit of normal matrix ensemble [27l [29l [30] and string 
equation and string theory (TlJ [21 0] . The extension of these to multiply connected 
domains have been considered in [HI [311 H31 El] • 

As an integrable hierarchy, the dispersionless Toda hierarchy was proposed in the 
real domain where all the time variables and the the coefficients r,u n ,u n ,n > 1, of 
C and £ are real- valued. Moreover, t n ,n € Z, are independent variables. However, 
as one can see from the discussion above, for the solution provided by Wiegmann 
and Zabrodin, the time variables t n ,n G Z, are in general complex- valued, so are 
the coefficients u n ,u ni n > 1. Moreover, the time variables are independent over 
R, but are not independent over C, since for n > 1, t- n and t n are related by 
t- n = —i n . This leads to the relation C^ 1 (w) = £(l/w) of the two power series 
C(w) and C(w). Therefore, for this solution, only half of the flows are independent 
(over C). In other words, it can be considered as a solution of a reduction of the 
dispersionless Toda hierarchy. In our previous work [23], we extended the work of 
Wiegmann and Zabrodin by considering pairs of conformal mappings (g, /), where 
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g is conformal on the exterior of the unit disc D* normalized such that 5(00) = 00, 
and / is conformal on the unit disc normalized such that /(0) = 0. / and g 
are only required to be related by f'(0)g'(po) — 1. We showed that by suitably 
defining t n , n G Z, which are in general complex-valued and independent over C, the 
dynamics of the pair of conformal maps (g, f) is described by the dispersionless Toda 
flows, but with t n , n £ Z, and r,u n ,u n ,n G N, complex- valued, and r,u n ,u n ,n G N, 
are holomorphic in t n , n G Z. We also constructed a tau function for the hierarchy 
which is real- valued. By restricting our flows to the subspace t_„ + i n = for n > 1, 
and to = to, we recovered the flows considered by Wiegmann and Zabrodin. On 
the other hand, by restricting our flows to the subspace where t n — t n ,n G Z, or 
equivalently where / and g have real coefficients, we obtained the usual solution of 
the dispersionless Toda hierarchy where all the variables are real. The tau function 
we constructed can then be interpreted as the free energy of a two Hermitian matrix 
model [BJ. From a different perspective, we have considered a particular solution 
of the complexified version of the dispersionless Toda hierarchy which satisfies the 
string equation (|1.3p and interpreted it as describing evolutions of pairs of conformal 
mappings. 

Since the works on evolutions of conformal mappings have found applications 
in a lots of different areas, it is natural to ask what are the general solutions of 
dispersionless Toda hierarchies and whether they can be interpreted as evolutions 
of conformal mappings. In fact, soon after the work [26], Zabrodin [28] has shown 



that one can obtain \ C(w) — g(w),£(w) — l/g(l/w)J as more general solutions of 
dispersionless Toda hierarchy which satisfy the generalized string equation 



where U(z, z) is a real-valued function of z and z, by defining the time variables 
t n , n > 0, as 



and let f_ n = —t n for n > 1. A tau function for the problem was also derived 
by using electrostatic variational principle. The particular case considered in [2"B] 
corresponds to choosing U{z,z) = zz. As in [3B] , the solutions provided by Zabrodin 
[28] should be considered as solutions to reductions of complexified dispersionless 
Toda hierarchy characterized by t- n + i n = for n > 1 and to = to- 

In this paper, we consider general solutions of complexified dispersionless Toda 
hierarchy where r,u n ,u n ,n G N, depend holomorphically on t m ,m G Z. We show 
that these solutions can be interpreted as describing evolutions of pairs of conformal 
mappings (g, f) when one defines the time variables t n ,n G Z, appropriately. We 
also construct a real-valued tau function for each solution of the dispersionless 
Toda hierarchy. Under certain reality conditions, we show that the solutions of 
Zabrodin [55] can be considered as the restriction of our solution to the subspace 
defined by t- n + i n = 0, n > 1, and to — to- From the perspective of dispersionless 
Toda hierarchy, this work answers the question: What is the general solution of 
dispersionless Toda hierarchy and what is the corresponding tau function? From 
the perspective of conformal mappings, this work characterizes all different complex 
coordinates on the space of pairs of conformal mappings which can give rise to 
dispersionless Toda flows. 




(1.4) 
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2. Generalized Grunsky coefficients and Faber polynomials 

To make this paper self-contained, we review again the concepts of generalized 
Grunsky coefficients and Faber polynomials here. Let F(z) = a\Z + a.2Z 2 + ... be a 
function univalent in a neighborhood of the origin and G(z) = [3z + /3q + + . . . 

be a function univalent in a neighborhood of oo such that a\/3 = 1. We define 
the generalized Grunsky coefficients b m%ni m,n £ Z, and Faber polynomials P n (z), 
rt G Z, of the pair (G, F) by the following formal power series expansion: 



log = 6 ,o -EE b mn z~ m C n 

m—1 n—1 

log G{z) = ^ (C) = 6 ,o -EE w^- m e\ 

m—1 n— 

(2.1) iog F( ^:f c) =-ee^,-^ 

^ m =0n=0 

log ~ w = - V P "^ c~" 
3z ^— ^ n 

n—l 

log — =log^^-> — z". 

w ol\z 4 n 



For m > 0, n > 1, b-„ hn := b n .- m , and by convention, Po(w) : = logw (which 
is not a polynomial). By definition, the Grunsky coefficients are symmetric, i.e., 
b m ,n = bn.rn for all m, n € Z. The coefficient &o,o is given explicitly by — logai = 
log/3, where ai = F'(0) and /3 = G'(oo). For n > f, P n (w) is a polynomial of 
degree n in txi and P- n (w) is a polynomial of degree n in 1/w, which can be defined 
alternatively by 



P n (w) = (G-\w) n )> , P- n (w) = (F-\w)- n ) 



<o ' 



Here when S is a subset of integers and A(w) = J2 n A n w n is a (formal) power 
series, we denote by (A(w))s the truncated sum J2nes A n w n . 
From (|2.f p . we can deduce the following: 

(2.2) log = foo o _ £ 6 , m z- m , bg £M = _ g & ,-m* m , 



m=0 



and for n > f , 
(2.3) 



P n (G(z)) = z" + n^ b nm z- m , Pn{F(z)) = nb nfl + n E &»,-» 

rn— 1 m—1 

oo oo 

P- n (G(z)) = -nb- n , + n E ^-n(^W) =^ + «E 



m—1 m—1 
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It follows that 
(2.4) 

1 oo 1 oo 

P^(G{z))G'(z) = - + ]T mb Q , m z- m -\ P^F{z))F'(z) = - - £ mb ,. m z m 

z z 

rn — 1 m— 1 

oo oo 

P' n {G{z))G'{z) = nz n - x -nJ2 mb nm z- m -\ P' n {F{z))F' {z) = n £ mb n ^ m z m 

m— 1 m— 1 

oo oo 

Pi„(G(^))G'(^) = -?i mb- n , m z- m -\ P'_ n {F(z))F'(z) = -hz^ 1 +n^mb 

m—l m—1 
3. DISPERSIONLESS TODA HIERARCHY AND ITS GENERAL SOLUTIONS 

As discussed in the introduction, dispersionless Toda hierarchy is a hierarchy of 
equations which can be put into the Lax form (jl.2p . In this section, we first review 
some basic facts we need later. We then classify and characterize the solutions of 
the dispersionless Toda hierarchy. 

3.1. Orlov-Schulman functions. First, recall that if (C,C) are power series of 
the form (jl.lj) that satisfy the dispersionless Toda hierarchy ([1.2)1 . their Orlov- 
Schulman functions are functions M. (w) and M. (w) of the form 

oo oo 



DC 



(3-1) n=1 

= - 2 n*-nA«0" n + *o - v -n£H n 

71 — 1 71 — 1 

that satisfy the Lax equations 

(3.2) ^L = {Bn ,M}, y£ = {Bn,M}, neZ, 
and the canonical Poisson relations 

(3.3) {£,M} = £, {£,m\=£. 

3.2. Phi function <f> and tau function r. Given a solution (£, C) of the disper- 
sionless Toda hierarchy p.2[) . there exists a phi function <j)(t) and a tau function 
r(t) such that 

|0 = ^n and ^I =Wb forallneZ. 

OTn OT OT„ 

Here vo := 0. If we let G{z) and -F(z) be formally the inverses of C(w) and C(w) 
respectively, i.e., C(G(z)) = z and C(F(z)) = z, and let & m> „,m, n £ Z, be the 
generalized Grunsky coefficients of the pair (G, F) , then 

d 2 \o-T(t) [-\ mn \ b ™A t )i ifrarc^O, 

m " [-26o,o(*), if m = 7i = 0. 

Conversely, if b m _ n ,m,n 6 Z, are the generalized Grunsky coefficients of the pair 
(G, F), and r(t) is a function satisfying ()3.4p . then (C(w) = G^ 1 (w),C(w) — 
F (w)) is a solution of the dispersionless Toda hierarchy. 
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3.3. Riemann-Hilbert data. The Riemann-Hilbert data of a solution (£, C) of 
the dispersionless Toda hierarchy is a pair of functions U(w, to) and V(w, to) of the 
variables w and to that satisfy 

(3.5) C = U(C,M), M = V(£,M), 

and the canonical Poisson relation 

rrM „ dUdV dVdU TT 

(3 - 6) v> v ^ w ^w - w ^wr u - 

It was shown in [20] that there always exists a Riemann-Hilbert data for any so- 
lutions of the dispersionless Toda hierarchy. Conversely, it was also proved that if 
U(w,to) and V(w,to) are functions satisfying the canonical Poisson relation (|3.6p . 
and C,C are functions of the form A4,M are functions of the form (|3.1[) . 

and they satisfy (|3.5p . then (£, £) is a solution of the dispersionless Toda hierarchy 
with Orlov-Schulman functions M(w) and A4(w). 

3.4. General solutions of dispersionless Toda hierarchy. Now we come to 
the classification and characterization of the solutions of the dispersionless Toda 
hierarchy. Suppose (£, £) is a solution of the dispersionless Toda hierarchy with 
Orlov-Schulman functions M.(w) 1 A4(w) and Riemann-Hilbert data U(w,to) and 
V(w,to). We have two cases. First, if U is independent of to, i.e., dU/dto = 0, then 
the canonical Poisson relation (|3 . 6|) implies that U'(w) ^ and 

V(w,t ) = U T „\ to + Ui{w), 
wii (w) 

for an arbitrary function U\(w). In this case, we find that 

C = U(C), m = JWm + U 1 (£), 



and 



= 0. 



This should be considered as a degenerate solution of the dispersionless Toda hier- 
archy since the relation £ = U (£) implies that for all n £ Z, the set of equations 

follows immediately from the set of equations 

In the second case, dU/dto does not vanish. Then inverse function theorem 
implies that we can solve to as a function of w and w from w = U(w,to). More 
precisely, there exists a function A(w, w) such that 

w = U (w, A(w, w)) . 

Moreover, 



dA $g(w,A(w,w)) dA 1 

dw (W ' W) §L( W)AM y dw [W ' W) §L( W ,A( W ,w)Y 
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Obviously, dA/dw ^ 0. Define the function A(w, w) by 

A(w, w) — V (w, A(w, w)) . 
Then from the canonical Poisson relation (13.61). we have 



dA _dV + dVdA _ _L_ ZdVdU _ dUdV\ _ _wdA 
dw dw dt Q dw \ dw dt dw dt J w dw 

This gives 

8 (A 




dw \w t 

Consequently, there exists a function H. (w, w) such that 

(3.7) A (w, w) = wd w 7i (w, w) , A (w, w) = — wdwH. (w, w) . 

The condition dA/dw ^ is then equivalent to 

< 3 - 8 > SB*'" 1 



The relations (|3.5p become 

(3.9) M = Cd c U (C, tj, M = -ld t H (c, C\ 

Moreover, 



{a 4 



= C^-(£.A(C.C)) = 



9t \ V ' J) d c d £ H(£,£y 

which is the string equation for this solution. 

Conversely, suppose H(w, w) is a function satisfying (|3.8p . and £, C are functions 
of the form A4, M. are functions of the form (|3.ip . so that (I3.9|l holds. Define 

the functions A{w,w) and A(w,w) by the relations (|3.7|) . Then dA/dw ^ 0. 
Therefore, we can solve liasa function of w and to from the equation 

t Q = A(w,w), 

which we denote by U(w,t$), so that 

t Q = A(w,U(w,t )). 

Moreover, 

au = _^ ?H = ± 

dw tr ««> tr 

Define the function V(u>, to) by 

V(tMo) = A(w,U(w,t )). 

The relations (|3.9p are then equal to (|3.5p . On the other hand, 

_a4 + 8A9U _ dA _ <U jj 
9w i9w <9zi) (9w dw dw ^4- ' 

dv = dAdu = jj 
a< dwdt |4' 
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Therefore, 



01 dV dU dV - 1 



^ v} = W ^w - w w ^ = ~ w $ = " = ^ to) - 

In other words, (A £) is a solution of the dispersionless Toda hierarchy with Orlov- 
Schulman functions M(w) and M{w). 

Summarizing, we have shown the following. 

Proposition 3.1. For (£,£) to be a solution of the dispersionless Toda hierarchy 
with Orlov-Schulman functions M(w) and M(w), either one of the following cases 
holds: 

Case I {£,£} = 0. In this case, there exists two functions U and U% of z such 
that U'(z) ^ and 

C = U(C), M = ^^-M + U 1 {C). 

Case II {£, £} ^ 0. In this case, there exists a function Ti(zi 1 Z2) such that 
d Zl d Z2 Ti(zi,z 2 ) ^ 0, and 



(3.10) M = Cd Zl H (A £) , M = -£d Z2 H (A £ 

In this case, the string equation is 

I J d c d d n{£,£) 

Conversely, we have 

Proposition 3.2. If(£,£) are functions of the form (jl.lj) . M,M are functions 
of the form (|3.1j) . and if U and U\ are two functions of z so that U (z) ^ and 

£ = U(£), M = j^ ) M + U 1 {C), 

then (£, £) is a solution of the dispersionless Toda hierarchy with Orlov-Schulman 
functions A4(w) and A4(w). 

Proposition 3.3. // (£,£) are functions of the form A4,A4 are func- 

tions of the form (|3.1| . and if H.(zi,Z2) is a function of z\ and z 2 such that 
d Zl d Z2 H(zi, z 2 ) ^ 0, and 



M = jCd Zl H (A £) , M = -£d Z2 H (£, £ 

then (A A) * s a solution of the dispersionless Toda hierarchy with Orlov-Schulman 
functions M{w) and A4(w). 

From the results above, we see that we can use the string equation to classify 
the dispersionless Toda hierarchy into degenerate and non-degenerate cases. (£, £) 
is a degenerate solution if and only if 



{£,£} 



= 0. 
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However, the string equation does not determine the solution uniquely. In the 
degenerate case, we see that the solutions are determined by two functions U and 
U\. In the non-degenerate case, i.e., when 

{£, 1} = ^ 0, 

the solution is also only determined up to two arbitrary functions. More precisely, 
for any two functions TL\{z{) and H.i(z-i) of z\ and zi respectively, the functions 
TC(z\, z%) and 7i(zi, Z2) + TLi(zi) + 7^2(^2) give rise to the same string equation. In 
the following section, we are mainly going to discuss the non-degenerate solutions 
of the dispersionless Toda hierarchy. We are going to show that the roles of the 
two auxiliary functions Hi (z\) and Jii(z-i) are just shifting the origin of the time 
coordinates t n ,n £ Z. 

4. Dispersionless Toda flows on space of pairs of conformal mappings 

Let B and B* be respectively the unit disc and its exterior. As in [23], we 
introduce the following spaces of conformal mappings. 



&oo = j<? : B* — » C univalent | g(w) = bw + b Q + biw^ 1 + . . . ; b 7^ 0; 

^ .9(15*); g is extendable to a C 1 homeomorphism of C.|, 
©o = {/ : B ^ C univalent | f(w) = a%w + a^w 2 + . . . ; a\ 7^ 0; 

00 ^ /(©); / is extendable to a C 1 homeomorphism of C.|, 

®={(gj) Iff e6oo,/e©o; /W(°°) = = l.}. 

Let Qi — g(B*) and fl^ its exterior, fl^ = /(B) and £1^ its exterior. C\ and C2 
denotes the C 1 curves Ci = ffl^ 1 ) and C2 = /(S 11 ) respectiveljQ- 

The main objective of this paper is to interpret the dispersionless Toda flows as 
integrable structure on the space D of pairs of conformal mappings, by identifying 
C{w) with g(w) and C(w) with f(w). As discussed in the previous section, the 
solutions of the dispersionless Toda hierarchy can be classified into degenerate and 
non-degenerate solutions. For the degenerate solutions, C can be expressed as 
a nontrivial function U of C, which is independent of the time variables. This 
implies that the dispersionless Toda flows are restricted to the subspace of D defined 
by f(w) = U{g{w)), and the time variables t n ,n € Z, will not be independent. 
Therefore, we will not study the degenerate flows in this paper. We focus on the 
non-degenerate flows where the time variables are locally coordinates of the space 
D. 

Although the results in the previous section shows that any function T-C(zi,z 2 ) 
with d zl d Z2 H(zi, z 2 ) gives rise to a solution of the dispersionless Toda hierarchy, 
this is not the end of the story. In this section, we are going to show that given 
H,(zx,Z2) with d Zl d Z2 H(zi, Z2) ^ 0, how the time variables t„,n S Z, are defined 
in terms of g(w) and f(w). We will prove that these time coordinates can play 
the role of local coordinates on the space D. We are also going to define the phi 



The notations used here is a little bit different from those used in 1231 . 
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function (f> and the tau function r in terms of TL{z\ 1 z-I). To be more concrete, one 
can assume that 

or a linear combination of these functions. However, the results of this section does 
not depend on the specific form of the function TL(z\, z^). Nevertheless, we assume 
throughout that H(zi, z-x) is an analytic function of z\ and z 2 on C \ {0}. The case 
considered in |23j is the special case where Tt{z\, Z2) — z\z^ . 

We begin with the definitions of t ni n £ Z, and v n , n £ Z, in terms of TL{z\, Z2), 
and g(w) and f(w). From (|3.ip and (|3.10[) . we find that t n ,n £ Z, and v n ,n £ Z, 
should be defined as: For n > 1, 

(4.1) 

tn =7^— i d Zl H(g(w)J(w))g(wy n dg(w) = -V / d,Ji{z, f o g-\z))z-*dz, 
Zmn J s i Zmn J c 

t-n =7^— I d Z2 n(9MJM)f(w) n df(w) = d Z2 u{g°r 1 {z),z)z n dz, 

Zmn J s i Zmn J c 

Vn ~ I d Zl H(g(w)J(w))g(w) n dg(w) = -L / / o 5 - 1 (z))z"dz, 

«-« / d Z2 H{g{w),f{w))f{ w )- n df{w) = -L / d Z2 H(gaf-\ z ), z )z- n dz. 

The function to is defined as 

*o =5^ / d zi n(g(w),f(w))dg(w) = / d Zl H{zJ o g-\z))dz 
Zm Joi 2m If, 

(4.2) ; s ^ 

= -—d> d Z2 H{g(w),f(w))df{w) = -—<p d Z2 H(g o / (z),2)d2f. 
27U J51 2?™ J C2 

The function Uo := will be defined later. Since t n ,n £ Z, only depends ex- 
plicitly on g(u>) and f(w), but not their complex conjugates. Therefore, they are 
holomorphic functions on £>. 

In the following, we are going to show that the set of variables t n , n £ Z, are local 
coordinates on S, by showing that there arc independent vector fields d n ,n £ Z, on 
2) such that d n t m = S n>m . For this purpose, we define the functions S+(z), S-(z), 
S+(z) and S-(z) by 

1 / d zl n(CJog-^c)),, _ n± 



(4 3) 1 

^ Z '^~2^iJ e ^' ze!1 2' 

It is easy to see that in a neighbourhood of z — 0, we have 
00 00 

(4.4) S+(z) = ]T nt n z n -\ S+(z) = - ]T w-n^" 1 . 

n— 1 ri— 1 

In a neighbourhood of z = oo, 

00 00 

(4.5) S-(z) = ---J2 v nZ- n -\ ~S-(z) = -^ + Y j nt- n z- n - 1 . 



n=l 
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Let G and F be the inverse functions of g and / respectively. Denote by 
b m , n ,m,n £ Z, and P n (w),n £ Z, the generalized Grunsky coefficients and Faber 
polynomials of (G,F). 

Proposition 4.1. There are independent vector fields d n ,n £ Z, on 3D such that 

Proof. We begin by constructing the vector fields d n ,n £ Z. First, define the 
functions u n (w), w £ 5 1 , n E Z, by 

. . ^n(^) \ ^ m+1 

f'(w)g'(w)d zl d Z2 H(g{w), f{w)) 

Given a vector field 9 on J), notice that 
dg(w) 



g'(w) 

dfW 
f'M 



(d log b)w + lower power terms in w, 
(dlogai)w + higher power terms in w. 



Since a\b — 1, this implies that <91ogai = — <91og&. Therefore, if we define vector 
fields d n on D by 



w -m+l 



(4.7) 



then 



d n g{w) = g'(w) -u n:0 w + ^2 u «; 

V m=l 

d n f(w) = f'(w) [ -iu„ ;0 w - u n:m u/ n+1 J , 
V ^ m=l / 



(4.8) ^l_%M =UnN - P "H 



/'H " v ' f'(w)g'(w)a tl d Sa H(jg(w),f(w)) 

Since the functions P^(w),n £ Z, are independent, the functions u„(w),n E Z, 
are independent. Therefore the vector fields d n ,n £ Z, are also independent. In 
fact, we can say more. Since Pq(w) — l/w, and for n > 1, Pn{w) ~ + 
lower positive power terms in w, P'_ n (w) ~ u>~ n +lower negative power terms in u;, 
we can conclude that the vector fields d n span the tangent space of D. 
Now for z 6 Ci, 

^(d^n^Jog-^z))) =d Zl d Z2 H(zJog-\z)) (d n f-^d n9 j og-\z) 

=P^g-\z)){g- 1 )'{z). 

Using (|43|) . fO)) . (|4Tij|) together with (|43)) and (|2l4]l . we find that in a neighbour- 
hood of z — 0, 

(4.10) 

~ x 2tti/ Ci [0, if n<0. 
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In a neighbourhood of z = oo, 



+ SHgg ^i 

7/7 = 1 



/Ci C--? 

( 4 - n ) f«~ 1 + E^=i"»6o,n,«- m-1 , ifn = 0, 

- n J2m=l mf} n m , if 71 > 1, 

, -™Em=i m k-n,m 2;_m ~ 1 ) if n < -1. 

Similarly, for z G C2, 
(4.12) 

-d n (d Z2 n (g o /-!(z), z)) = - d Zl d Z2 n (g o r 1 ^), z) ^„ 5 - |^„/J o 

=p,ur 1 (2))(/- 1 )'(2). 

This, together with (|Q|) . (jlT) , (T4~5)) and iggj) imply that in a neighbourhood of 

2 = 0, 



Em.i^o-mz"' \ if n = 0, 

(4.13) V (5„ W _ m )z" l - i - ( -nYZ=i m K-™z m - 1 , if n > 1, 



00 



m=l I _„ ™^ -,-m-l 



In a neighbourhood of 2 = 00, 



- n Em = i m!) -» ,-mZ 1 " , if n < -1. 



if n = 0, 



(4.14) + ]T m(a„t_ m )2-'"- 1 = ^ 0, if n > 1, 

m=1 [nz""" 1 , if n < -1. 

Compare the coefficients on both sides of (|4.10[) . (|4.1ip and (|4. 14(1 . we find that 

d n t m = 5 n>m for all n, m G Z, 

which is the assertion of the proposition. As a result, t n , n G Z, can play the role of 
local coordinates on J). The vector fields d n ,n G Z, constructed above are exactly 
the partial derivatives d/dt n . From (|4.1ip and (|4. 1 3[> . we also obtain 

/, 1K s 9u m j-|mn|6 mi „, if n 7^0, 

Ct„ |m|o m , , 11 n = 0, 

□ 



From (|4.6p and (|4.7[) , we observe that the partial derivatives 

aifi x dg(w) df(w) 

( ' dt n ' dt n 

depend on TL{z\, Z2) only through d Zl d Z2 H(zi, z 2 ). Therefore, these partial deriva- 
tives are not changed if we replace H(zi, z%) by H(zi, z 2 ) + Hi(zi) + ^2(22). Since 
the partial derivatives (|4. 16[) determine g(w) and f(w) up to the initial condition, 
we can conclude that the roles of the two auxiliary functions TLi{z\) and 7^2(22) 
are to change the origin of the coordinates t n ,n G Z. In fact, this can also be 
observed in a different way. From the definitions (|4.1| and (|4.2| . we find that if 
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we replace H(zi,Z2) by H'(zi,Z2) — H(zi,Z2) + Wi(zi) + ^2(^2), then the time 
variables t n , n € Z, are changed to t' n , n € Z, where 

t' n = t n + Cn, c„ = < 0, if n = 0, 

IsSnib^aW^, if n<-l. 

In fact, the functions v n , n € Z \ {0} are also changed to w^, where 

„/ _„ +d d _i^lL9Mz)z-dz, if »>1, 

Since d n ,n 6 Z \ {0} are independent of i, we find that replacing TL{z\,Z2) by 
H'(zi, z 2 ) — H(zi, 22)+ Wi (21) +W2(^2) does not change the relations (|4. 15[) which 
characterize the functions v n up to constants. 

We have used the forms of the Orlov-Schulman functions and the Riemann- 
Hilbert data to help us define the variables v n ,n 7^ 0, in terms of f(w) and g(w). 
Unfortunately, this does not lead to a definition of w , or equivalently, the phi 
function 6, which should be defined so that 



(4.17) 




if n ^ 0, 
if n = 0. 



In other words, vq = <f> generates the coefficients of b n ,o,n <E N, of logg~ 1 (z) and 
the coefficients b- n ,o,n G N, of log/ _1 (z). 

In the following, we define the function vq and show that it satisfies (|4.17p . 

Proposition 4.2. The function vo defined by 
(4.18) 

r (l = — <f> { d zl H(g(w), f{w))g'{w) log ^ + d Z2 H(g(w)J(w))f'(w) log ^ 

" ' w w 

H{g{w),f{w)) \ ^ 





if n ± 0, 
if n = 0. 



satisfies 
(4.19) 

Proof. A straightforward computation gives 

d /o <t-ii t \ tt w 'I m 9(w) „ , , . ,, . w/ . . /(w) H(g(w),f(w)) 
ttt" 4 d Zl H(g(w),f(w))g (w) log + d Z2 H(g(w), f(w))f (w) log 

75- 1 o Zl H{g{w), f{w))—^— log + d Z2 H{g{w), f(w))— — log 



OKI ^ ac n 10 Ot n W 

, ^ ^ it \ d2ji t i \ tt \\ f d nfM d ng(w) \ ( g{w) f{w) 

+ f {w)g {w) (g{w),f(w)) --— log log 

OZ1OZ2 \ j (w) g '(w) ) \ w w 

This together with the definition (|4.18p of vq and (|4.8j) . give 

(4.20) p. = -L I P » (i og iM _ log £H ) dw , 

Ot n 27TJ Jgi \ W W J 
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For n > 1, p~20l) and jM]) give 

a£„ z7ri 7s 1 u> 27ri 7ci z 

=— i log ^-^z" l dz = nb , n , 
2m J Cl z 

' ( PL n (w)logl^dw = -L I PL n (f-\ zm -^ {z )l 0g tM dz 



dt- n 2m' 7s i ™ U) 27TI j Cs , 

~cf l 0g LM z -^dz = nb Q ,_ n . 
2m Jc 2 z 

For n — 0, since -Pq(iu) = l/u>, we have 

£=±f fiog^-io g ^M; 

oio 2-7ri 7s 1 V w w J w 



— — = - — : <I) log log —era; = log b — log ai = 2 log o = — 2o ,o- 



□ 



We would like to remark that if we replace 7i(zi, z<i) by TL'(z\, Z2) — Jiizx, Z2) + 
Wi(^i) + 7^2(^2), then wo is changed to v , where 

v' - v = ^— (f d z Hi(z) log zdz + (f d 2 U 2 {z)\ogzdz 
2tt« J 00 2m Jo 

is independent of t. 

From (|4.15p . (|4.19|) and the symmetry of the Grunsky coefficients, we find that 
dv n dv m 

— — = — — tor all n, m G L. 

This gives the integrability condition for the tau function of the dispersionless Toda 
hierarchy, which is a function r defined so that 

(4.21) — — = v n . 

In the context of matrix models, the function logr is known as the free energy. 
Since in this paper, the variables t n ,n G Z, are complex- valued, (|4. 2 1 [1 does not 
determine logr uniquely. However, since the coefficients of g(w) and f(w) and the 
functions v n ,n G Z, depend holomorphically on t n , it is natural to require logr to 
be a real-valued function so that 

d log r 

Define the functions $>(z), z G fij" and ^(z), z G fij so that in a neighbourhood 

of z = 00, 



(4.22) *(,) = £ 

n=l 

In a neighbourhood of z = 0, 

00 

(4.23) Mz) ^Y J —^- 

n=l 

Notice that = SLfz) + t /z and W(z) = -5"+(z). 
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Let Ji (zi, z 2 ) and J 2 (zi,z 2 ) be two functions defined so that 

(4.24) - ^-(zi,z 2 ) = ^-(zi,z 2 ) = H(zi,z 2 ) ^ V' (zi,z 2 ). 

az 2 ozi oziOz 2 

We claim that the tau function of the dispersionless Toda hierarchy is given by 

(4.25) r = |T| 2 , 
where T is a holomorphic function of t defined by 
(4.26) 

logx + ^~f si {d Zl H(gHJHW(™WgM) + d Z2 H(gH, /(tu))/'(«W(«0)] 
+ ^~ £ i {Mg(w)J(w))g'(w) + J 2 (g(w), f(w))f'(w)}dw. 

Before proceed to the proof, we would like to comment that eq. (I4.24|l only defines 
the function Ji(zi,z 2 ) up to a function of z\ and the function J 2 (zi,z 2 ) up to a 
function of z 2 . If we replace J\(zi,z 2 ) and J 2 (z\,z 2 ) by J[(zi,z 2 ) — J\{zi,z 2 ) + 
J(Z\) and J 2 {z\, z 2 ) — J 2 (zi, z 2 ) + J 2 (z 2 ) respectively, then 

log 2? = logT+ — / J 1 (z)dz + -i- / J 2 (z)dz. 
8tti 8tti J q 

Namely, logr' and logr only differ by a constant independent of t. On the other 
hand, (|4.24|) implies that there exists a function Jq(zi,z 2 ) so that 

d d 
■~—Jo(zi,z 2 ) = -Ji(z!,z 2 ), -^—Jo(zi,z 2 ) = J 2 (zi,z 2 ). 

UZ\ oz 2 

Consequently, 

Ji(g(w),f(w))g'(w)dw = - f d Zl J (g(w)J(w))g'(w)dw 
s Js 1 

d Z2 Jo{g{w),f{w))f'{w)dw= <h J 2 {g{w),f{w))f'{w)dw. 

S 1 JS 1 

Now we prove (|4.21j) . 
Proposition 4.3. The function r defined by (|4.26[) satisfies 

(4.27) — — — =v n , — -= — =v n , for all n G £. 

ot n dt n 

Therefore it is the tau function of the dispersionless Toda hierarchy. 



Proof. Since log r = log T+log T and log T is a holomorphic function of t, it suffices 
to show that 

91 °g T r 11 r- 1 

— = v n tor all n € iL. 

dt n 

We write the function log T defined by (|4.26|) as the sum of three terms Z\ , Z 2 and 
Z 3 , where Z x = t v /2, 



Z 2 = 
and 



±- j> {d zl H(g(w), f(w))g'(w)$(g(w))+d Z2 H(g(w), f(w))f'(w)V(f(w))}dw, 
±- {{j 1 (g(w),f(w))g'(w) + J 2 (g(w)J(wj)f'(w)}dw. 



&TTI J 51 
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It follows immediately from (14. 19ft that 

~2 ~ hbofi, 



(4.28) 



if n = 0, 
if n ^ 0. 



For i?2, a straightforward computation gives 
d 



— {d Zl H(g(w), f(w))g'(wMg(w)) + d Z2 H(g(w), f (w)) f (w)V (f (w))} 
= A (d Zl H(g(w), f( w ))^<S>(g(w)) + d Z2 H(g(w), /M)^^*(/H) 



+ g'{w)f{w)d Zl d Z2 H{g{w),f{w)) 



d n f(w) d n g(w) 



($(g(w)) - *(/(«>))) 



+ d zl H(0{w), f{w))g' tw)d n $(g(w)) + d Z2 H(g(w), f{w))f{w)d n V(f(w)). 



Together with (|4.8p , this implies that 



^ / P,»(<1>(<?N) - *(/(tfl)))d« 



1 

47TI 



Now the definitions ([422)) . (|4~23|) imply that 



(4.29) — j> F n (w)($(g(w)) - *(/H)jd«J = 



0, if n = 0, 
«„/2, if n ^ 0. 



On the other hand, the definitions [gjZgp , P~2"3")) and the eqs. (1435]) . and (|23]) 
imply that 



9$(z) 
dt n 



<9*(z) 



_ log + &„.„, ifn = 0, 

-P n ( g -i(z)) + z n , ifn>l, 

.--PnCfl 1-1 ^)) +»Voj if « < -1, 

-log£^2l-6o,o, ifn = 0, 

-P„(/- 1 (z)) + n6„, , ifn>l, 

-P„(/- 1 (z)) + z", ifn<-l. 



Therefore 

47TJ / S i \ 

J«o/2 + ^o,o + ^ H(g(w),f(w))P^w)dw 



9 Zi n{g{w), f{w))g'(w)d n $(g{w)) + d Z2 H(g(w), f(w))f'(w)d n ^(f{w)))dw 



if n = 0, 

u„/2 - |n|i 6n,o/2 + ^ f sl H(ff(u»), f{w))P^(w)dw, if n ^ 0. 



Together with (|4~28|) and (j4~29]) . we find that 



(4.30) 



dZi dZ 2 



dt r , 



dt r , 



S 1 



H(g(w)J(w))P n (w)dw. 
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Now we consider S3. Using (|4.24[) and (|4.8|) . we have 

^{ji(g(w)J(w))g'(w) + J 2 (g( W ),f( W ))f( W )} 

=l:jji(^) ) /H)^ + J 2 ( 5 H ) /M) 9/H 



9u; l_ ' 9i„ ' dt n 

+ 2H(g(w), f(w))f(w)g'(w)d zl d Z2 H(g(w), f(w)) 

^|ji(^),/H)^ + J 2 ( 5 N,/N) 9/H 



d„5(w) d n f{w) 



g'(w) f'(w) 



dw { ' <9i„ ' dt n 

-2H{g(w)J{w))P' n {w). 

Therefore, 

^ = ~ j H(g(w), f{w))P n (w)dw. 

Together with (|4.30p . we conclude that 

d log r d log 1 

dt n dt n 

which is the assertion of the proposition. □ 

Although it is not obvious from the definition, one can show that if the function 
7^(21,22) is replaced by the function TL{zi,Z2) + Tti(zi) + 7^2(^2), then the tau 
function r is changed to r' , where log r' and log r differ by 

oc 00 

logr' - logr = ^2 d nt n + ^2 d n t n + C, 

n— — 00 n— — 00 

which is a linear function of t and i. On the other hand, using the definitions (|4.22|) 
and (I4.23p . one can show that the function Z2 is given by 



Z2 = - ( ^2 tnVn + X! l -^ v -n J 

n=l / 



Consequently, the holomorphic part of the tau function r is 

X = CX p(j E tnVn + ^- i £ i {jl(g(w)JM)g'(w) + Mg(w),f(w))f'(w)}dv)j 

The equations (|4.15p , (|4.19p and (|4.27[) imply that the generalized Grunsky co- 
efficients 6 m ,n of the pair of univalent functions {g" 1 , f 1 ) can be generated by the 
tau function t: 

1 d 2 logr 

o m ,n = - 1 r 0-t Q . , 11 run / 0, 

\mn\ ot m ot n 

u 1 <9 2 logr 

'■ it m f 0,n = 0, 



( 4 - 31 ) 



ml dt m dt 



1 a 2 logr 

&m,n =T-r a , fl . ) it m = 0, 71 ^ 0, 

|n| di at„ 

fcm.n = - ~ T ' if m = n = 0. 
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Therefore, (12.21) can be rewritten as 



, ff = 1 9 2 logr _ ^ 1 d 2 \ogr _ m 

° g z 2 dt 2 Q ^ m dt dt m Z ' 

(4.32) ' ^ 

lo ^ Hfj = 1 ^ lQ g T _ 1 d 2 logr ^ m 

° g z 2 9^ ^ mdt dt^ m Z 

u m— 1 

This shows that the coefficients of the conformal mappings can be expressed as 
second partial derivatives of the tau function. For n > 1, define 

1 n 

B n (w) =(gM n )>o + ^g(w) n )o = PnH - -b n , , 

1 n 

B. n (w) =(f(w)- n ) <0 + ~(f(w)- n )o = P-nH + |6_„ >0 . 

Then (|23| and (|OTD imply that 

^ Iff 2 9t n at ^mdt n dt m ' 

m=l 

(4.33) m_1 

2 Ot- n Otn m Ot-nOtm 

m— 1 

m— 1 

From P~52"|) and (|4l?3"]) . we find that for all n G Z, 

dff" 1 / x -l^ / l93lo g r 1 <9 2 logr - m \ -i f ,dB n og- 1 

OTn y 2 OtndtQ m dt n dt dt m J dt 

H£.M =,-'(*) ^ - f; - r'M*^w. 

di„ y2 dt n dto dt n dt dt- m J dt Q 

Therefore, by chain rule, we find that for all n£Z. 

dffM = _ dffM dff -1 Q , . = w dg{w) dBnOg- 1 q 



Similarly, 



3/M rR , w , u 



9t„ 

These are precisely the Lax equations of the dispersionless Toda hierarchy 
By setting n = in (|4. 8|) and using the fact that Pq(w) = l/w, we find that 

df(w) , ,dg(w) _ 1 



(4.34) {g(w)J(w)} = W g\ w )J^l _ 



9t ' <%o d zl d Z2 H(g(w),f(w)) 



CONFORMAL MAPPINGS AND DISPERSIONLESS TODA HIERARCHY II 



19 



which is the string equation. 



5. Reduction to subspaces of D 

In this section, we consider the reduction of the dispersionless Toda hierarchy 
to some subspaces of D. First we consider the subspace 91 of £> consists of (g, /) 
satisfying 



g(w)=g(w), f(w) = f(w), 

or equivalently, g and / has real coefficients. Assume that 7Y(z 1 ,z 2 ) is real- valued 
when z\ and z 2 are real. It is easy to check from (|4.1j) . (|4.2p and (|4. 18f> that 
restricted to 5K, all the variables t n ,v n ,n £ Z, are real- valued. Therefore, the 
subspace 9t can be defined by the condition t n = t n for all n £ Z. In other words, 
if W(zi, z 2 ) is real-valued when zj and z 2 are real, the Toda flows d/dt n , n £ Z, on 
2) naturally restrict to the subspace and give rise to solutions of the real-valued 
dispersionless Toda hierarchy. The tau function is given by T defined in (|4.26[) . 
Next we consider the subspace S of D consists of (g, f) where 

(5.1) f(w ' 



g(l/w) 

In this case, if the function Ti{z\, z 2 ) is defined such that the function 

U{z,z) =n(z,z~ 1 ) 
is real- valued, then (|4.1|) . (|4.2j) and (|4.18| show that restricted to S, if n > 1, 



™ 27rm 



— / d Zl H (g(w),g(w) - 1 ) g(w)- n dg(w) = BJU(z, z) z - n dz, 
nn J s i V / Imn J Cl 

— <f d Z2 n(g{w)^~ 1 )yl^- n dg~(w)- 1 = ^ l d z U{z,z)z- n dz, 
nn J s i V J 2mn J c 



n 2irin 

v n =-—I d z U(z,z)z n dz, v -n = 7T-f d z U(z,z)z n dz, 

2m J Cl 2m J Cl 

and if n — 0, 

t =— * d z U(z,z)dz = * d z U(z,z)dz, 

Im In, Am In, 

(5.2) x J 

v = (p ( d z U(z, z) \ogzdz — d z U(z, z) log zdz ) . 

2m J Cl \ J 

It is easy to see that on the space E, 

t- n = —i n , v- n = —v n for n/0, and t =i , v Q = v . 

Therefore the subspace £ is characterized by t_„ = —i n for all n ^ and to =to. 
In particular, to is real-valued. Let 

d d d ^ ^ d d d 

dt n dt n di-n ~ dt dt dt ' 

These are well-defined vector fields on the subspace S. Moreover, since 1 and 
v n ,n £ Z, are holomorphic functions of t n ,n £ Z, on D, we find that restricted to 
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(5.3) 

\mn\b m n , if mn ^ 0, 



<91ogX SlogX <9v m <9v n 



m|6 m , if m ^ 0, n = 0, 

-26 o, if ni — n = 0. 



dt n dt n " dt n dt n 

Moreover, the restriction of the tau function T (|4.26[) to S is given by 

log2:=— + — I (d z U(z,z)$(z)dz - d z U(z 7 z)WFjdz 
2 Am J c \ 



(5.4) ~ 1 " JC 



8iri JCl 



(Vi (z, z)dz + X>2 {z, z)dz) , 



where V\{z 1 z) and V2{z, z) are defined so that 

-d s Vi{z,z) =d z V 2 (z,z) = U(z,z)d z d z U(z 7 z). 

Since U(z,z) is real- valued, we can choose Vi(z,z) and V2(z,z) such that they 
satisfy V2(z, z) = — V\(z, z). (|5.4|) then shows that logT is real- valued. (]5.3[) implies 
that 

<9 2 logX , 2 log£ , <9 2 logX 

-— — = - mnb m>n , = -mnb- m ,- n , — = mnb m ,- n , 

/- |_\ ULmUbn UlrnUvn ULm^^n 

( ' ' d 2 \og1 d 2 logT a 2 logS: 

0t n OtQ OtnOto Ot Q 

We can then show as at the end of Section 5] that restricted to E, 
r B /. , / m ^(w 



. . {B n (w),g(w)} , -g^ = - [Bn(w), g(w)} , 

for all n > 1. If we further assume that z) is regular at z = 0, this is precisely 
the general conformal mapping problem considered by Zabrodin in [28] . In this 
case, the functions to and vo (|5.2| can be rewritten as 

to = — {I d z d z U(z,z)dzdz, vq = — II d z d z U(z 7 z)log\z\ 2 dzdz. 

TrJJnf ^JJnf 



Moreover, (|5.4p can be further simplified to 

logT =^ + i- I ld z d z U(z,z) ($(z) + *(!)) d 2 z-±- I f + U(z,z)d z d z U(z,z)d 2 z 



= ~ [ toV + ^ t n V„ + ^ tnVn ) ~ ^~ [ [ 
1 \ n=l n=l / 111 JJSlX 



U{z 1 z)d z d z U(z 1 z)d z 



This agrees with the tau function derived in |28j using electrostatic variational 
principle. The string equation (|4.34|) is equivalent to 



{g(w),g(l/w)\ = ? — 1 

J d z d z U[g(w),g(l/w) 



The interest on the dispersionless Toda flows on the space E is partly motivated 
by its intimate relations with the Dirichlet boundary value problem. This is first 
observed in [21] and later discussed in detail in [15], for the special solution where 
U(z,z) = zz. For general U{z,z), such a relation also exists. Recall that for a 
simply connected domain f£ that contains the oo, the Dirichlet boundary value 
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problem seeks for a harmonic function u(z) on f2 with prescribed boundary value 
uq(z) on the boundary C = dQ of Q. This problem has a unique solution which can 
be written in terms of the Dirichlet Green's function Gq(z±, £ 2 ): 

1 



u(z) = -— <p u (C)d n Gn{z,C)\dC\, 
^ Jc 

where d n is the normal derivative on C, and the Dirichlet Green's function Gq (21, Z2) 



can be written in terms of the Riemann mapping G = g 

G( Zl ) - G(z 2 ) 



n 



by 



Gq(zi,z 2 ) = log- 
Notice that the relation (|5.1[) gives 

F(z) = 



G( Zl )G(z 2 ) - 1 



G{l/z)' 



where F = f~ l . Setting F{z) = l/G(l/l) in |(2J|) . we hnd that 
( ' (Z -=log/9+£6o,-^-", 



log- 



G(z)G(z 2 ) 
21 2 2 



71= I 
OO 



log 

I .0 

n—l n—l m— 1 n—l 

Together with the other identities in (|2.ip and (|5.5p , we find that 

1 



(5.6) G n («i,« 2 )=log 

G(zi)G(z 2 ) ~ 1 

where -D(z) is the operator 



G(zi) - G(z 2 ) 





1 


1 


= log 








21 


^2 



-D(z 1 ).D(z 2 )log1, 



9 00 z~ n d °° 



z"" d 



dt ' n <9t„ ^— ; n cK„' 

n—l n—l 

In other words, the tau function X can be used to generate the coefficients of the 
Dirichlet Green's function. Notice that (|5.6|) is independent of the function U(z, z) 
which specifies the solution of the dispersionless Toda hierarchy. In other words, 
it is an universal relation that has to be satisfied for any dispersionless Toda flows 
that is restricted to the space £. It can be regarded as the compact form of the 
dispersionless Hirota equations [201 H2] for the dispersionless Toda hierarchies on 
S. 



6. Special cases 

In this section, we consider the special case where TC(z\,Z2) 
nonzero integers. The relation (|3. 10|) is then equal to 

(6.1) M = [lL^I- v 1 M = vC»£-\ 

or equivalently, 



-1 - i 2 ' 



/i, v are 



C = 



Cr v = 



v 11 
This Riemann-Hilbert problem was proposed by Takasaki in [18) . and studied by 
Alonso and Medina in [2]. 
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Using the definition of M. and M. (|3.1|) . and setting C(w) = g(w) and C{w) 
f{w), (|6.1|) implies that 



(6.2) " =1 n=1 

vg{wYf{w)- v =-£ nt-n/(«0~ n + to - E u -«/H"- 



n=l 



Multiplying the first equation by g'(w)/g(w) and the second equation by f'(w)/f(w), 
subtracting the two resulting equations and integrating with respect to w, we find 
that 



OO / \ OO 

- E + *o lo s — - E -s(«o 

f * in * « fi 



(n n\ n — 1 n — 1 

\ * / OO pi \ OO 

- E t-nfH- n t log I™ + E — /(«)"• 



The functions i„, rt 6 Z, are given by 

to I g{wY- x f{w)- v dg(w) = ^-.l giwrfiwy^dfiw), 

2m J s i 2m J S i 

(6.4) t n =JL- I g(wr- n -\f(w)-»dg(w) 7 n>l, 
J s 

t-n I giwrfiwy^-'dfiw), n > 1, 

2mn J s i 

and the functions v n , n £ Z, are given by 
(6.5) 



Vo=—f ffH /W M-r^-log I/-TT- — log dw. 

2mJ S i \ g(w) w f(w) w wj 

The functions Ji(zi, 22) and Ji{z\, z-x) in (14.24j) can be chosen to be 

t / \ A* 2u-l -2i/ j / \ ^ 2u -%v-\ 

J\{Z1,Z 2 ) = -^ Z \ Z 2 > J2(Zl,Z 2 ) = -~Z^Z 2 

Consequently the holomorphic part of log t is 
1 00 1 r 

logi = - E ^-^i f (MH aM_1 /(«0~ 2 V(«0 + ^M^/M -2 " -1 /' («0) 



n— — 00 
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Using and $6J$, we find that 

^-.j^g{w)^- 1 f{w)- 2v g'{w)dw 



1 



1 p / oo oo \ 

71-1 \n=l n,=l / 

- ( 2 V ni„v n + tl ) , 



— ^ vg(v)y tt f(w)- M - 1 f(w)dvo 



i~ f (-E^-n/H" n + io-f;^„/H n ).gH A1 /M^~ 1 #(^ 

•'S 1 \ n=l n=l / 

- I 2 ^nt^ n v^ n + t I . 



Therefore, 



log T = ~ Q + ^ *S + + £ £ fl - ^) tnV n + 



a v J v 2 2 ^ V 2uJ 2^ \ 2z/ 

r 7 n=l v ^ 7 n=l v 

On the other hand, one can show by integration by parts that 



2ni Jgi 2tti jgi 

This gives the nontrivial identity 

oo oo 

2v £ nt n v n + vt\ = 2fi £ nt- n v^ n + fit 2 . 

n—l n—1 

When — v G N, the function 

U(z,z) = H{z,z- 1 ) = \z\ 2 » 
is real- valued and regular at z — 0. By setting 



tw. 



g{l/w) 

in (|6.4|) and ()6.5|) . we find that restricted to the subspace £, 



^ =JL A z^z^dz = fL // |z| 2 ^- 2 d 2 z = -4 4 z^ 1 - 1 ^ 



t„ =-^- J> z^- n - x z^dz = I I z- n \z\ 2 »- 2 d 2 z = 2— & zW-"-Hz 



2i^in J Cl nn J Jq- 2irin j Cl 



n = JL A z^-H^dz = — / / z n \z\ 2 ^ 2 d 2 z = --jL A z^+^-Hz 



2ni J Cl ~ ~ ~ n JJn+~ " 27 ™ JCi 

VQ =JL I (z^z^logzdz - z^z^logzdz) = — [[ \z\ 2 ^ 2 log \z\ 2 d 2 z. 
2tti J Cl tt JJ n + 
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Moreover, the restriction of the tau function % to £ is equal to 

' n—l v 7 

agreeing with the result in [28] . 
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